Abstract: Most growth models assume capital is homogeneous with regard to technology. This contradicts intuition and empirical evidence that the majority of technology is embodied in the capital stock. Berger (2001) showed that neoclassical vintage capital (embodied technology) and non-vintage capital (disembodied technology) models have different convergence rates, although identical steady state growth rates. Removing the neoclassical assumption that technological growth is exogenous, I examine two-sector, putty-putty, vintage capital models. Technological growth is tied to investment in the research sector. Savings rates and the allocation of labor differ between the vintage and non-vintage cases. It is shown for the first time that vintage and non-vintage versions of a model can have different steady state growth rates.
Introduction
Research on vintage capital models reached its zenith in the mid-1960's. Vintage capital research declined after the 1960's because of both technical difficulties inherent in the models and the conclusion of the papers that equilibrium growth rates are not affected by the choice of how technology is modeled. The classic papers of this era, Solow (1959) , Phelps (1962 ), Phelps (1963 , and Solow, Tobin, Weizsäcker, and Yarri (1966) , examine neoclassical, nonoptimization, growth models in which technological growth and the savings rate are exogenous parameters. Berger (2001) examines optimization versions of these classic papers, and showed that the vintage and non-vintage putty-putty models are characterized by substantially different transitional dynamics. The rate of σ-convergence, the rate at which per-capita output levels converge, and the rate of β-convergence, the rate at which the growth rate of output approaches the steady state growth rate, are significantly higher in putty-putty vintage capital models than their non-vintage counterparts. These differences are the result of the different optimal savings rates under the vintage and non-vintage regimes.
While the neoclassical framework illustrates potential differences arising from modeling technology as embodied (vintage capital) or disembodied (non-vintage capital) , the assumption that the growth rate of technology is exogenous may be viewed as excessively restrictive.
Improvements in technology often arise as the result of dedicated research. In this paper, I examine two-sector growth models in which there is a final goods sector and a research sector.
The models are non-scale models in that the equilibrium growth rates of the economy are unaffected by the size or scale of the economy. The models are putty-putty, meaning that there is factor substitutability at both the time of installation of the capital and for all time thereafter. Turnovsky (1999, 2001 ) provide a general framework for examining non-scale balanced growth equilibria in two-sector models. I adapt their framework to the vintage capital models.
I examine two models that differ in the way technology is produced. The first model utilizes an AK production function in the research sector. In one-sector AK growth models, the equilibrium growth rate is the product of the savings rate and the exogenous parameter A, the constant marginal product of capital. AK models are therefore true endogenous growth models in which actors in the economy affect the long-run growth rates. The same type of result arises in the AK model of this paper. Different sectoral allocations of labor between the vintage and non-vintage capital cases lead to different equilibrium growth rates.
The second model is a vintage capital version of the general two-sector model used in Turnovsky (1999, 2001) . This model utilizes Cobb-Douglas production in the research sector. Because the equilibrium growth rates do not depend on choice variable, the growth rates are the same in the vintage and the non-vintage capital cases.
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While the vintage and non-vintage versions have the same steady state growth rates, they do have different savings rates and sectoral allocations of labor. Therefore, the convergence rates in the two versions are likely to be different as they are in the neoclassical putty-putty model. The paper is organized in the following manner. Section 2 discusses the common characteristics of the two models of the paper, and the modeling differences between the vintage and non-vintage cases. Section 3 is a discussion of the model with AK production in the research sector. Section 4 discusses the model with Cobb-Douglas production in the research sector. Section 5 contains concluding remarks. Appendix 1 examines the production maximization that occurs each period that leads to the formation of the aggregate capital stock and indirect production function.
Common Model Characteristics
The models are central planner problems in which the planner maximizes the discounted utility resulting from a flow of consumption. These are continuous-time optimal control problems. The utility function used is a constant-elasticity of intertemporal-substitution utility function:
( ) Depreciation is modeled in this paper as the standard "iceberg" depreciation for both the capital stock and the technology stock. In other words, exogenously given fractions of the stocks, A δ and K δ , wear out each period. In vintage capital models, the method of depreciation is less trivial than in non-vintage models. Because capital is heterogeneous in vintage capital models, it must be specified from which vintages the depreciation takes place. In this paper, each vintage loses the same fraction of its stock. This method translates into a constant fraction of the aggregate capital stock depreciating each period. The formulation of the aggregate capital stock is discussed below and in the appendix. Results are given in the vintage and non-vintage cases for A δ and K δ positive, and for 0
The no depreciation case is important because it highlights the fact that in the vintage capital versions of the models, older vintages are utilized less (i.e. less labor is assigned to older vintages) for purely economic reasons rather than any physical one.
The essence of vintage capital models is that the capital stock is heterogeneous.
Generally the heterogeneity stems from capital embodying different levels of technology that makes newer vintages more productive. This increase in productivity can take many forms. For example, in fixed factor models such as Phelps (1963) and Solow, Tobin, Weizäcker, and Yarri (1966) , the increase in productivity is often modeled as a lower labor requirement per unit of capital, rather than an increase in potential output per unit of capital. This form of improvement is called purely labor enhancing technological change. In this paper, there is a spectrum of vintages, and final goods production utilizing each vintage of capital is represented by a unique production function: 
The total amount of capital at time t is:
where v K is the given amount of each vintage at t=0. Taking the derivative of (5) with respect to time gives the standard capital accumulation equation:
. At each instant, output is maximized given the stocks of technology, capital, and labor assigned to the final goods sector. This maximization involves allocating labor to each vintage of capital (Appendix 1). The optimal allocation of labor resulting from this maximization enables the use of an indirect total production function Y, utilizing an aggregate capital stock, Q. Solow (1959) was the first paper to utilize such an aggregate stock. The indirect production function is:
where
It is interesting to note that the indirect production function utilizing the aggregate capital stock exhibits constant returns to scale, regardless of the elasticities specified in the production decreasing in the previously obtained stock. Using (4) and taking the time derivative of (8):
Q is the instantaneous change in the aggregate capital stock with respect to time. A is the level of technology represented in the newest capital. If all capital utilizes the latest technology, then from (3), the indirect total production function is simply:
and (6), the standard accumulation equation, is used.
Model #1: AK Research Sector
In the standard neoclassical growth model, technological growth is exogenous and increasing subject to a constant growth rate. The most natural extension of this phenomenon to a two-sector model is the adoption of "AK" technology in the research sector:
where g is an exogenous parameter, and A δ is the depreciation rate of technology. The notation is a little confusing because the "K" in "AK" refers to the stock, which in the research sector of this paper is designated by "A." The "A" in "AK" refers to the productivity of the stock. In this paper, that term is the product (1 ) m g − . This is a natural extension of the neoclassical model because if m, the sectoral allocation of labor, is exogenous as opposed to being a choice variable, then the model reduces to the neoclassical model with an exogenous growth rate of technology.
Dividing both sides of (11) by A:
(1 )
From (12), it can be seen that the labor allocation choice determines the growth rate of technology, and that, ignoring depreciation, g is the rate of technological growth if all labor is applied to research ( 0) m = .
There are intuitive reasons why this is an appropriate form for the research sector. While the central planner may choose the growth rate of technology, the choice is bounded. This has intuitive appeal in that one can imagine that the growth of knowledge may be bounded for a given time period. Basic research often takes time in order to be applied as shown in Adams (1990) . Also, new research builds on previous research. The requirement that many discoveries must be found sequentially combined with empirically found gestation periods, limits the rate at which new ideas can be discovered. g can be used to represent this upper bound.
For tractability and to coincide with the previous literature, this section of the paper will focus on the case in which final goods production exhibits constant returns to scale in labor and capital ( 1) N K σ σ + = , and exhibits constant returns in technology ( 1) A σ = . These are the parameter values used in Phelps (1962) and Berger (2001) .
Non-Vintage Case
In the non-vintage case, the central planner's problem can be summarized by the following four equations: the objective function, the final goods production function, the technology accumulation equation, and the capital accumulation equation respectively:
(
The optimality and transversality conditions resulting from the central planner problem can be summarized by the following equations and (14)- (16):
(1 ) I define a balanced growth path be one in which i) all stocks and flows grow at a constant rate, ii) m is constant, and iii) the savings rate, s, is constant. From these conditions and the production functions, the balanced growth rates of the primal variables can be determined.
Repeating equation (12):
From (16),
In the steady state, s, g K , and K δ are constant
Dividing (16) by K, and taking the time derivative:
(23) is very similar to the growth rate in the neoclassical one-sector model. The difference is only that A g would be replaced by the exogenous growth rate of technology.
The growth rates of the shadow prices can be found by using (22) and (23) in combination with the optimality conditions. Taking the time derivative of (17):
Taking the time derivative of (18):
It can be shown that:
Using the above growth rates, it is possible to write the optimality conditions in terms of 
Substituting (28) into (29), I obtain an equation in which m is the only choice variable. Solving for m:
Analyzing (34) provides insight into what parameter values will provide an interior solution (0<m<1). The results are shown in (35) and (36):
(35) is a statement that the addition to growth of sacrificing labor for research must be sufficiently high if there is to be sustained sacrifice in the long run. Given 1 γ ≥ , (36) will hold for any A g δ > . If 1 γ < , there is always a range of g for which (36) holds, but the size of the range goes to zero as 0 γ → . Table 1 gives the benchmark parameter values for this model, while Tables 2 and 3 provide the values of m for a range of γ and g . Table 2 contains the results using the benchmark parameters and Table 3 contains the results for when there is no depreciation. The benchmark parameters are substantially the same as those used in the literature. The production elasticities are the same as those in Berger (2001) , while the depreciation rates are equal to those used in Turnovsky (1999, 2001) . As would be expected, m is decreasing in g and increasing in γ .
( )
(37) and (38) are expected because increasing g increases the return to allocating labor to the research sector, and increasing γ increases the relative return to earlier consumption. Tables 6 and 7 show the growth rate of output corresponding to the levels of m. All of the tables in this paper corresponding to growth rates and savings rates show non-zero values only when the corresponding values of m are between 0 and 1.
Using the solution for m, (34), one can solve for the equilibrium growth rates of the primal and dual variables. Substituting (31) into (30) 
From (39) it can be shown that:
Tables 4 and 5 provide the values of the savings rate for ranges of γ and g under depreciation and no depreciation regimes. Also from (39),
For reasonable parameter values, the g terms will dominate the other terms, giving 0 s γ ∂ < ∂ .
Vintage Case
In the vintage case, equations (43)- (46), the objective function, the final goods production function, the capital accumulation equation, and the technology accumulation equation, summarize the central planner's problem. The differences between the vintage and non-vintage cases appear in equations (44) and (46), the production function and capital accumulation equations respectively. Writing the problem using aggregate capital, Q, the technology stock no longer appears in the production function and now appears in the capital accumulation equation.
The optimality and transversality conditions are summarized by the following equations, where Φ and Λ are the shadow prices of technology and capital respectively, along with (44)- (46). The interpretations of the equations are the same as in the non-vintage case.
Using the definition of a balanced growth path from the non-vintage case, it is possible to solve for the equilibrium growth rates of the primal and dual variables using the production functions and optimality conditions. From (45):
This is the same growth rate equation as in the non-vintage case. However, it will be shown that the equilibrium value of m will not generally be the same in the two cases. Thus, the equilibrium growth rate of technology will be different, and therefore all of the growth rates will differ between the two cases.
From (46),
Taking the time derivative of Q g , and then solving for Q g :
Given the same labor allocation, the aggregate capital stock grows at a faster rate than the capital stock in the non-vintage case. However, by the assumption of a constant savings rate in the definition of equilibrium, the non-aggregated units of capital must grow at the same rate as output in both cases. The growth rate of output is shown in (54) to have the same functional form as in the non-vintage case. Taking the time derivative of (44) and then dividing by Y:
As in the non-vintage case, it can be shown that the difference in the growth rates of the shadow values of the two sectors is equal to the difference in the growth rates of the sectors themselves.
One can solve for the stationary variables using the same methodology as in the nonvintage case. This leads to equation (55) which is solely a function of m ( A g , Q g , g Φ , and g Λ being functions of m).
(55) is a quadratic equation in m, which can be written in the form
There will be a unique solution to m if and only if d 1 , d 2 , and d 3 form a perfect square or 1 0 d = .
It can be shown however that there is no combination of positive K σ and γ such that 1 0 d = .
Therefore, there will generally be two solutions to m , but depending on parameter values, there may be no solutions such that 0 1. m < < Tables 8 and 9 give the values of m over a range of γ and g values, given the benchmark parameter values and the no depreciation case. Zeros in tables 8 and 9 represent occurrences in which the solution to m is an imaginary number. Only one solution for m is given for each ( , ) g γ combination. The other solution is not included because it is very much a knife's edge solution. For each γ , there is only a range of g of .02
for which 0 1 m < < .
Using the solution to m , one can solve for the equilibrium growth rates of the primal and dual variables. Tables 10 and 11 give the savings rates corresponding to the values of m . From In the vintage model, the quantity of labor applied to a vintage goes to zero as the age of the capital goes to infinity. Given an amount of labor, a newer vintage has a greater marginal product of labor than an older vintage. Hence, equalizing the marginal products to maximize output leads to less labor applied to older vintages, and given a reasonable labor growth rate, each period the capital of any existing vintage contributes less output than it did the previous period. Depreciation causes a similar effect but for a different reason. As capital ages, a particular vintage will contribute less output each year because there is less of that particular capital. The similarity in outcomes can be seen in the smaller difference between the savings rates of the non-vintage/depreciation case and the vintage/no-depreciation case versus comparisons of the other cases.
Model #2: Cobb-Douglas Research Sector
The non-vintage model of this section is the model examined in Turnovsky (1999, 2001) 
Non-Vintage Case
The central planner's problem can be summarized by the following equations:
The variables are the same as in the previous model except that N η and A η are the elasticities of production in the research sector, and Y d and A d are exogenous positive constants.
The optimality and transversality conditions resulting from this model are summarized by the following equations and (58)- (60):
The balanced growth path is defined as in the previous section, with labor allocation, the savings rate, and the growth rates constant. Under these assumptions, it is possible to solve for the equilibrium growth rates. Dividing (59) by A and taking the time derivative:
As shown in the previous section in the non-vintage case, the assumption of a constant savings rate implies that output, the capital stock, and consumption grow at the same rate. Therefore, dividing (60) by K and taking the derivative with respect to time:
(1 ) 1
( 1 ) ( 1 )
Taking the time derivative of (61):
Taking the time derivative of (62):
All of the growth rates depend only upon exogenous parameters. Furthermore, they are all proportional to the labor growth rate. This is a standard result in two sector Cobb-Douglas models. While this result may contradict empirical evidence for single countries, a defense of this result is if the economy being modeled is a "worldwide" economy. In that case, higher labor growth is "beneficial to the growth of worldwide knowledge: the larger the population is, the more people there are to make new discoveries." 
where:
Using m, it is possible to solve for the savings rate: Turnovsky (1999, 2001) . Tables 15 and 16 give the values of selected stationary variables for the benchmark parameters case and the no depreciation case respectively.
4
The labor allocation to the final goods sector is increasing in γ , and the savings rate is decreasing in γ .
Vintage Case
The central planner's problem can be summarized by the following equations, where Q is the aggregate capital stock. As in the AK model, the differences between the vintage and nonvintage cases appear in the production and capital accumulation equations, (78) and (80). 
( )
The optimality and transversality conditions resulting from this model can be summarized by the following equations plus (78)- (80). Φ and Λ are the shadow prices of technology and capital respectively.
( ) 
The growth rate of the shadow value of the aggregate capital stock is:
Unlike in the AK model, the growth rates are only functions of exogenous parameters. Hence the growth rates that share functional forms between the vintage and non-vintage cases will be the same. The levels of the stationary choice variables, however, will be different. Solving for the savings rate:
Solving for the labor allocation variable, m:
where: . It can be shown using (72), (90), and (70) that:
where the subscripts refer to the vintage and non-vintage cases ( V x and NV x respectively). For
≥ . Therefore, the vintage case will have a higher fraction of labor allocated to the final goods sector if the final goods production function has constant returns to scale in labor and capital. The result is in fact more robust and will hold for most reasonable parameter values found in the literature, but it does depend on the elasticities of labor and capital, the discount rate, and gamma.
On the other hand, the savings rate is higher in the vintage case, reflecting the greater marginal returns to investment in that case. If the production function has constant returns in labor and capital, it can be shown using (73) and (88) For the same reason, increasing γ also leads to less labor allocated to the research sector. In order for m to be positive and less than one, x must be greater than zero. The denominator of x is positive and not a function of γ . The numerator can be written as:
where a is a positive scalar, 1 f and 2 f are positive functions of the above growth rates, and 
and therefore 0 x γ ∂ > ∂ and 0 m γ ∂ > ∂ . Eicher and Turnovsky (2001) show for the non-vintage case that the convergence rates of the two sectors depend on the allocation of labor and savings rates. Therefore it is likely that the convergence rates will differ between the vintage and non-vintage cases.
Conclusion
This paper demonstrates the significant impact on growth theory results of simplifying assumptions of disembodied and exogenous technological. Growth theory is primarily concerned with long-run growth rates, and the AK research sector model shows that equilibrium 
Appendix 1. Vintage Capital Cobb-Douglas Production Maximization
At each instant, a static optimization takes place in which given the stocks of technology, labor, and capital, labor must be allocated to the spectrum of vintages of capital in order to maximize production. The formal production maximization problem is ( ; )
A representative first order condition is:
(97) must hold almost everywhere, and an equality can be used instead of an inequality because 0 v N > a.e. at a solution. (97) states that the marginal product of labor of each vintage must be equal to the shadow value of labor. Labor, being homogeneous, has a unique shadow value regardless of the vintage to which it is applied. Setting two first order conditions for different vintages equal to each other we obtain:
Solving for i N
This equation must hold true for every i given fixed , , j j A N and j K . Therefore, integrating over the i N :
Solving for j N in terms of the given parameters we obtain a closed form solution for each choice variable. This solution must hold almost everywhere.
Q can be viewed as an aggregated capital stock with the weights of each vintage a function of the technology inherent in each vintage and the production elasticities. Substituting * j N into the direct production function, we obtain the indirect production function, which is a function only of given parameters. 
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